Abstract. In this paper we apply a domain decomposition method to approach the solution of a non-Newtonian viscoelastic Oldroyd-B model. The numerical scheme is based on a fixed-point argument applied to the original non-linear system of partial differential equations decoupled into a Navier-Stokes system and a tensorial transport equation. Using a modified Schwarz algorithm, involving block preconditioners for the Navier-Stokes equations, the decoupled problems are solved iteratively. Numerical simulations on a 4:1 abrupt contraction flow problem are considered to validate the scheme.
1. Introduction. Domain Decomposition Methods (DDM) applied to the numerical solution of large-scale algebraic systems arising from the approximation of partial differential equations have been intensively studied by many authors (see e.g [18] , [8] , [23] and the references cited therein). They are based on a decomposition of the spatial domain of the problem into several subdomains, which may or may not overlap, and consist in solving reduced size subproblems on these subdomains, while enforcing suitable continuity requirements at the corresponding interfaces. Such reformulations are usually motivated by the construction of new solvers for parallel computing. A multi-domain approach can also account for the solution of heterogeneous models related to physical problems defined in complex geometries and usually leads to the construction of optimal (mesh size independent) preconditioners.
The goal of this paper is to apply a preconditioned DDM to the numerical solution of an incompressible non-Newtonian Oldroyd-B fluid. The investigation of mathematical and numerical methods for the solution of non-Newtonian fluid models is a very rich field of research with many interesting industrial and biological applications. Usually, the constitutive equations lead to highly non-linear systems of partial differential equations of a combined elliptic-hyperbolic type (or parabolic-hyperbolic, for unsteady flows) closed with appropriate boundary (or initial and boundary) conditions.
The hyperbolic nature of the constitutive equations is responsible for many of the difficulties associated with the numerical simulation of viscoelastic flows. Some factors including singularities in the geometry, boundary layers in the flow and the dominance of the non-linear terms in the equations, result in numerical instabilities for high values of the Weissenberg number (nondimensional number related with the elasticity of the fluid). Space discretizations using finite elements, finite volumes or spectral methods together with finite difference or fractional-step schemes in time, for unsteady flows, lead to the solution of algebraic systems, typically very large, that are solved using direct or iterative methods. The solution of these algebraic systems often requires the use of preconditioners that can be regarded as operator projections, multigrid or domain decomposition methods. The major difficulties in many numerical schemes are related to the large amount of computation involved and to the loss of convergence or stability. This is the object of active research in the field (see e.g. [17] , [19] and cited references).
In this paper we present a domain decomposition method applied to the numerical approximation of the equations of motion of an incompressible Oldroyd-B fluid model, decoupled into a Navier-Stokes system and a transport equation. Appropriate preconditioned DDM using a modified Schwarz algorithm are introduced for the two auxiliary problems. Numerical results are given in a 4:1 abrupt planar contraction, considered as a good benchmark to validate numerical schemes for viscoelastic flows. Other validation results can be found in [2] and [4] .
2. Model formulation. We consider steady isothermal flows of an incompressible Oldroyd-B fluid in a bounded domain Ω ⊂ IR 2 with a polygonal boundary ∂Ω. For these fluids, the extra-stress tensor is related to the kinematic variables through
where u is the velocity field, Du = 1 2 (∇u+∇u t ) denotes the symmetric part of the velocity gradient, µ is the constant viscosity and λ 1 > 0, λ 2 > 0 are respectively the relaxation and retardation times. The symbol ∇ denotes the objective derivative of Oldroyd type defined by
The Cauchy stress tensor is given by T = −pI + S, where p represents the pressure and S is the extra stress tensor. The equations of conservation of momentum and mass hold in the domain Ω,
where ρ > 0 is the (constant) density of the fluid. Decomposing the extra-stress tensor S into the sum of its Newtonian part τ s = 2µ
Du and its viscoelastic part τ , we rewrite
We consider the nondimensional form of this system by introducing the following quantities
where the symbol is attached to dimensional parameters (L represents a reference length and U a characteristic velocity of the flow). We also set
and introduce the Reynolds number and the Weissenberg number
The nondimensional system takes the form
and is composed of a Navier-Stokes system for (u, p) coupled with a transport equation for τ . This system is supplemented with a Dirichlet boundary condition u = g with g · n = 0 on ∂Ω, n being the unit outward normal to the boundary ∂Ω.
3. Numerical approximation. We consider an approximation of the problem (3) by using finite element methods. Let T h be a triangulation of Ω with triangles K such that
We define the finite element spaces V h , M h and E h with dimensions N v , N p and N s to approximate u, p and τ , respectively, with h being a positive parameter related with the size of the mesh. For the approximation of the velocity and pressure fields we consider the so-called Hood-Taylor elements, where the corresponding spaces satisfy the discrete inf-sup condition (see [7] ). Recalling the definition of these spaces:
For the stress tensor we consider IP 1 elements continuous in Ω. These spaces are defined as follows
where
We refer to [21] , [3] and [6] for this choice of finite elements.
Remark 1. For the approximation of the transport equation, an alternative finite element space is defined by using test functions that are in L 2 (Ω), and can be discontinuous across the boundary of the elements (see e.g. [14] , [12] ).
With the discrete spaces already defined, we consider the following discrete variational problem:
Since this problem is a non-linear system of coupled equations, the numerical scheme to solve (5) is based on a global fixed-point argument used by Najib and Sandri [15] and defined as follows: for a fixed τ , the first two equations (5) define a Navier-Stokes system in the variables (u, p) and for a fixed (u, p) the third equation is a transport tensorial equation. This argument, used for the continuous problem is now extended to the discrete problem as follows
•
3.1. Algebraic systems. Taking into account the definition of the finite element spaces V h , Q h and E h let us construct the algebraic systems associated to the problem. Let n, m and t be the dimensions of finite spaces V h , Q h and E h , respectively and let
be their respective bases. Writing the unknowns (u, p, τ ) using the basis functions, we have
Substituting in (5) and setting σ h = σ i we get a non-linear system
where X = (U, P, T). Since we decouple the global system using the previous scheme, (8) is decomposed into two algebraic systems, one corresponding to the Navier-Stokes equations
and the other to the transport equation
The matrices D, C and B refer to the discretizations of the operators ∆, u · ∇ and ∇, respectively. Now the (global) fixed point iteration scheme can be written as follows:
0 .
• Find T m+1 solution of
• Do m = m + 1.
3.2. Domain Decomposition Method. We consider a non-overlapping decomposition of the domain Ω into two subdomains Ω 1 and Ω 2 (both with Lipschitz boundaries), which satisfies the following conditions
where Γ denotes the interface.
Rewriting problem (3) in this multi-domain framework, we have the following problem
and provide the interface transmission conditions
3.2.1. Multi-domain approximate problem. The numerical approach of the problem (12) is done by applying DDM to the decoupled auxiliary problems, the Navier-Stokes system (9) and the transport equation (10) . For that purpose, let us introduce two triangulations T 1,h and T 2,h of Ω 1 and Ω 2 with triangles K, that satisfy the following assumption: if the subdomains Ω i , i = 1, 2 have a polygonal boundary, then
For the Navier-Stokes system we define the finite element spaces V i,h , Q i,h with dimension N v i , N p i to approximate the velocity and pressure, respectively. For the approximation of u i and p i we consider the Hood-Taylor elements, with finite element spaces defined by
we also consider the subspace
1 that are continuous in Ω i . The above spaces are defined by: for the finite element spaces associated to V h,i , Q h,i and E i,h , respectively. Writing the variables (u i , p i ) and τ i (i = 1, 2) and using the finite element bases of each space, we have
The last term that appears in all three summations refers to the variables defined on the interface. Let us denote by N Considering the global-fixed point scheme (6) with a explicit linearization of the convective term and the discrete formulation of the Navier-Stokes equations in the multi-domain context, substituting the variables (u i , p i ) (i = 1, 2) leads to the following system
and for the transport equation we have
where the previous matrices and vectors are defined in each subdomain Ω i , i = 1, 2 and
3.3. Numerical scheme. The domain decomposition methods for the Navier-Stokes system and the transport equation are based on a Schwarz type algorithm [11] . This algorithm, Modified Schwarz Multiplicative Algorithm, consists in introducing two interface matrices that optimize the transmission conditions on Γ. We present here the procedure for the Navier-Stokes system. In order to construct the two interface matrices we consider a reordering on the numeration of the nodes in each subdomain Ω i , which allow to rewrite the matrices A i and the vector H i as follows
be the corresponding canonical basis, and for i = 1, 2, let (W i,in , W i,Γ ) be the solution of the following problem:
The interface matrices M 1 and M 2 (corresponding to the Navier-Stokes system) are obtained through the following identities:
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Similarly, we construct two interface matrices N 1 and N 2 , corresponding to the transport equation.
More precisely, at each step of the fixed-point algorithm stated previously, we apply the modified Schwarz multiplicative scheme to solve systems (9) and (10).
Modified Schwarz Multiplicative Algorithm:
• For m ≥ 0, solve
The Navier-Stokes system
For k = 0, K:
The transport equation
To enhance the speed of convergence we next introduce in each subdomain a global block preconditioner.
4. Block preconditioners. Let us first consider a general framework for the block preconditioning of the Navier-Stokes system (see e.g. [9] , [10] , [5] )
Let P R be a right global preconditioner of the form
where P F and P S are preconditioners for F and S = B T F −1 B + C (the corresponding Schur complement), respectively. Since
In a first step, this approach is used to solve system (16) . Taking into account the fact that A ii (i = 1, 2) has the same structure as A, i.e.
ii , we can easily see that system (16) is equivalent to
The new system is solved using a GMRES method [20] . In this case it is known that the first system converges in two or three iterations and that the convergence is independent of the mesh [13] .
In the same spirit, this preconditioning approach is applied to the matrices
associated to the Navier-Stokes systems in the subdomains Ω i (i = 1, 2). The corresponding systems can be formally written as
Let P A i be the right preconditioner for A i defined by
where P A ii and P S i,Γ are preconditioners for A ii and (23) is equivalent to
5. Numerical results. To validate our numerical code we consider the flow of an Oldroyd-B fluid in a planar contraction 4:1 (or abrupt-contraction) geometry. This test problem has been studied by many authors, since 1988, and recognized as a good benchmark for validation of numerical codes to simulate viscoelastic flows, see e.g. Saramito [22] , Oliveira and Pinho [16] and Alves et al. [1] . The problem is defined as follows
where the domain Ω is defined in Figure 1 . In order to close the system of PDE's we need to impose suitable boundary conditions for the velocity field and also for the stress tensor (due to memory effects). At the inflow boundary we consider a parabolic profile for the velocity field, and on the wall we consider no-slip conditions. We suppose that the downstream exit is long enough so that at the outlet a fully developed Poiseuille flow can be prescribed. The parabolic profiles that we consider were obtained in [22] .
• Inflow conditions:
• Outflow conditions:
• Conditions on the wall:
The numerical tests were performed with PDDM (Preconditioned Domain Decomposition Method) for Re = 1 and We = 0.1 and considering a decomposition of the domain Ω into two subdomains, Ω 1 and Ω 2 (cf. Figure 1) . In each subdomain we have considered a mesh with 808 elements. Observing the results of figures 2 and 3, we can see that there exists a discontinuity on the interface for each variable, which vanishes with the convergence of our method. This benchmark has two critical zones, the two reentrant corners, which are one of the reasons for convergence failure when high values of the Weissenberg parameter are considered. With our tests we could observe that due to the dimensions of our domain and to the inlet condition, the problem is very sensitive to changes in the Weissenberg number. This behaviour can be checked in Figure 4 , where the derivatives of tensor τ 11 with respect to x grow with the variation of the Weissenberg number.
Analyzing Figure 5 we can observe, as expected, two vortices in both corners of the abrupt contraction. 6. Conclusions. In this paper we use Domain Decomposition Methods (DDM) to solve the equations of motion of incompressible non-Newtonian viscoelastic Oldroyd-B fluids. Based on the decomposition of the original problem into a Navier-Stokes system and a tensorial transport equation, the method has been applied to both systems, considered as auxiliar problems. The Navier-Stokes equations were solved using several types of block preconditioners and the corresponding results indicate a significant reduction in CPU time when compared to those obtained using a global approximation of the problem. The numerical techniques developed for both the Navier-Stokes system and the transport equation have been coupled to solve the Oldroyd-B model. The validation of our numerical scheme was done by considering a benchmark test for flow in a 4:1 abrupt contraction. This is known as a good benchmark to study viscoelastic flows, due in particular to the existence of vortices in the two reentrant corners, which are very sensitive to variations in the Weissenberg number. The extension of these numerical techniques to the decomposition of the domain into more than two subdomains in view of the parallel computing with several processors, will be the subject of a forthcoming paper.
